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We study properties of popular, near—uniform, priors for
learning undersampled probability distributions on discrete
nonmetric spaces and show that they lead to disastrous
results. However, an Occam-style phase space argument
allows us to salvage the priors and turn the problems into
a surprisingly good estimator of entropies of discrete dis-
tributions.



Undersampled learning of probabilities on

continuous spaces (weather, stocks,. . .):

Possible outcomes r,a<x<b
Probability density Q(x)

Observed data Ty, p=1...N
Undersampled regime always

Smoothness 0"Q /0x" is small
Regularization of learning  local: punish for 8”@/8:1:77 > 1
Model selection phase space volume, self-consistent
Prior-insensitive learning probably possible

discrete nonmetric spaces (languages, bioinformatics,. . .):

Discrete outcomes (bins) 1, 1=1... K
Probability mass q;

Observed bin occupancy n;
Undersampled regime Zszl n, =N <K
Smoothness undefined

Regularization of learning ultralocal: P({q;}) = T1P;(q;)

global: P({q;}) = F'(entropy)
Model selection unknown

Prior-insensitive learning probably impossible for N < K

Our options (for discrete case):

1. Define smoothness as high entropy or low mutual information
distributions.

2. Prior-insensitive learning of useful functions (like entropy) may
be possible for N < K even if it's impossible for {q;}.



We choose:
Learning entropy with nearly uniform priors

Family of priors: (Dirichlet priors)

1 K Ko
Ps({ai}) = m(s 1-> a| ]l &
i=1

=1

Generation of distributions from this family:

Successively select each g; according to

P(g) = B<1_§. .q.;ﬁ,(K—iW)
J<t4)
a—1 1 — b—1

Typical distributions (K = 1000):

0.8

[ B-00007, S=L05bits_|

| B=0.02, S = 5.16 bits |

ok “1 A.‘.n .i RO [ I . jn . mﬂ” n.xn

=1, S =935 bits \‘

\ | Iln ! L
0 200 400 600 800 1000
bin number




Bayesian inference:

PQnirhgi)Psigi
K
P({n;}{a:}) = ]I (@)™
1=1
@)y = 2
WET N+ KB
Some common choices:
Maximum likelihood 8 —0
Laplace’s successor rule =1
Krichevsky—Trofimov estimator g=1/2

Schurmann-Grassberger estimator 3 = 1/K

A priori expectations about the entropy:

Ps(S) =

—

=1
The first few moments of Pg(S) are

£8) = (Sl =0])4
= Yo(KB+1) —yo(B+1),
o2(8) = ((55)2[n; = 0l)s
_ B+1 B
= Kt P1(B+1) —Y1(KB+1)
Ym(z) = (d/dx)™T!log, IM(x) —the polygamma function
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Problem: entropy is known a priori for K > 1
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Properties:

1. Because of the phase space factors (Jacobian) of the {¢;} — S
transformation, a priori distribution of entropy is strongly peaked.

2. The peak is narrow: maxo(3) = 0.61 bits < |092K at B ~
1/K;0(B) x1//KpBfor K> 1;0(B) x VKB for K < 1.

3. As g varies from O to oo, the peak smoothly moves from £(3) =
0 to log, K. For any finite 3, £(8) = log, K — O(KDY).

Problems:

1. No a priori way to specify (.

1. Choosing g fixes allowed “shapes” of {q;}, (cf. Panel 2) and thus
defines the a priori expectation of entropy.

2. Since, for large K3, o(B8) ~ 1/4/K3 it takes N ~ K data to
influence entropy estimation.

3. All common estimators (cf. Panel 3) are, therefore, bad for learn-
ing entropies.



Elaboration: problems of common estimators

Maximum likelihood: Po(S) = 6(S)

1. Even Py(S)|y—1 = 6(5).
2. In general, Sy always has a downwards bias.

3. S =Su+ £ +0 (%), K* = K — 1, is an asymptotically
valid correction. However, non-asymptotic choices of K* are ad
hoc and cannot estimate variance.

Laplace and KT: c(B=1,1/2) ~1/VK
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Schurmann—Grassberger: c(1/K) =~ 0.61 bit.

1. Maximizes a priori entropy variance.
2. The least biased of the Dirichlet family.
3. Sitill strongly biased towards S = 1/ In 2 bits.



Removal of the a priori bias
We need: such P({q;}) that P(S[q;]) is (almost) uniform.

Our options:
flat _ Pai})  ier
2. P(5) ~1=Jd(5 - £)d¢. Easy: Pg(S5) is almost a
d-function!

Solution: Average over g — infinite Dirichlet mixtures

K K
P({ai}iB) = 0 (1 -y qz-) 1 /2 e
1=1 1=1

G = JdEn(E (S [l ace)
r(N+ KB()) - F(B(ﬁ)) |

p(& [n]) = P(E)

Notes:

1. d¢/dg insures a priori uniformity over expected entropy.
P(£) embodies actual expectations about entropy.

w N

Smaller 8 means larger allowed volume in the space of {q;}.
Thus averaging over 3 is Bayesian model selection (cf. Panel 1).

4. If p(€) is peaked, then some 3(£) (model) dominates (is “se-
lected”), and the variance of the estimator is small.
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Results: unbiased estimation of entropy
Atypical distributions

Typical distributions (cf. Panel 2)
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Notes:

N

1. Relative error ~ 10% at N as low as 30 for K = 1000.

2. Reliable estimation of error.
Typical Zipf plots like n; = a(B,N) — b(B) In4

3. Too smooth longer tails (e.g., Zipf's law g; o< 1/3)

Too rough

shorter tails (e.g., ¢; < 50 — 4(In¢)?)

4. No bias. Possible exception: too smooth distributions.
5. Key point: learn entropies directly without finding {¢; }!

The dominant value of 3

saturates for typical distri-

butions. It drifts down (to-
wards more complex mod-
els with larger phase space)
for overly rough distribu-
tions and up (towards sim-
pler models) for too smooth
cases.

N 1/2 full  Zipf  rough
units -10-2 .10°! .10°3
10 1.7 1907 16.8
30 2.2 0.99 11.5
100 2.4 0.86 12.9
300 2.2 1.36 8.3
1000 2.1 2.24 6.4
3000 1.9 3.36 5.4
10000 2.0 4.89 4.5
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